In this paper, we investigate eigenvalues of the Dirichlet eigenvalue problem of Laplacian on a bounded domain Ω in an n-dimensional which is sharp in the sense of average. In this paper, we consider a general setting for complete Riemannian manifolds. We establish an analog of the Li and Yau's inequality for eigenvalues of the Dirichlet eigenvalue problem of Laplacian on a bounded domain in a complete Riemannian manifold. Furthermore, we obtain a universal inequality for eigenvalues of the Dirichlet eigenvalue problem of Laplacian on a bounded domain in a hyperbolic
Introduction
Let M be an n-dimensional complete Riemannian manifold. We consider the following Dirichlet eigenvalue problem of Laplacian:
where Ω is a bounded domain in M with piecewise smooth boundary ∂Ω and denotes the Laplacian on M. The eigenvalue problem (1.1) is also called a fixed membrane problem. It is well known that the spectrum of this eigenvalue problem (1.1) is real and discrete.
where each λ i has finite multiplicity which is repeated according to its multiplicity. Furthermore, the following Weyl's asymptotic formula holds (cf. [3] ):
where ω n is the volume of the unit ball in R n . From this asymptotic formula, it is not difficult to infer (1.4) if Ω is a tiling domain in R n and he conjectured, for a general bounded domain,
Conjecture of Pólya. If Ω is a bounded domain in R
n , then eigenvalue λ k of the eigenvalue problem (1.1)
On the conjecture of Pólya, Li and Yau [18] (cf. Lieb [16] ) attacked it and obtained 
and the so-called buckling problem:
where 2 is the biharmonic operator on M and ν denotes the unit outward normal vector on the boundary ∂Ω of Ω.
For the clamped plate problem (1.13), it is not hard to prove
by the variational principle. Hence, we derive, from Theorem 1.1,
In particular, when M is a minimal submanifold in a Euclidean space, we have
(cf. [17] for the case of the Euclidean space).
For the buckling problem (1.14), we have Λ k λ k by the variational principle. Hence, we can obtain the lower bound for Λ k 's similar to (1.8) and (1.10) from Theorem 1.1.
On universal estimates for eigenvalues of the clamped plate problem and the buckling problem, the readers can see [5, 7] and [9] .
The other purpose in this paper is to investigate estimates for eigenvalues of the eigenvalue problem (1.1) when M is the hyperbolic space H n (−1) with constant curvature −1.
When M is R n , universal inequalities for the eigenvalue λ k of the eigenvalue problem (1.1) was studied by many mathematicians. The main contributions was obtained by Payne, Pólya and Weinberger [20, 21] (cf. [24] ), Hile and Protter [15] and Yang [25] (cf. [10] ). Namely, Payne, Pólya and Weinberger [21] and Hile and Protter [15] proved, respectively,
(1.16) Furthermore, Yang [25] (cf. [10] ) has proved a sharp universal inequality: (1.17) which has been called the first inequality of Yang by Ashbaugh ([1] and [2] and so on).
For the Dirichlet eigenvalue problem of Laplacian on a domain in S n (1), Cheng and Yang [6] have proved the following Yang-type inequality: 18) which is optimal since the above inequality becomes an equality for any k when Ω = S n (1). 
(1.19)
Let Ω be an n-disk of radius r > 0 in H n (−1). McKean [19] (cf. [3] and [12] ) has proved that the first eigenvalue λ 1 (r) of the eigenvalue problem (1.1) satisfies
From the domain monotonicity of eigenvalues, we have, for any bounded domain Ω in H n (−1),
where Ω → H n (−1) means that Ω includes an n-disk of radius r > 0 and r → ∞. It is obvious that, for any k > 1,
. 
Lower bounds for eigenvalues
In this section, we will give a proof of Theorem 1.1. In order to prove Theorem 1.1, the following recursion formula of Cheng and Yang [10] plays an important role. Theorem 2.1. Let μ 1 μ 2 · · · μ k+1 be any non-negative real numbers satisfying
Then, we have
where t is any positive real number and
Proof of Theorem 1.1. Since M is a complete Riemannian manifold, from Nash's theorem, we know that M can be isometrically immersed into a Euclidean space R N , that is, there exists an isometric immersion:
We denote mean curvature of the immersion ϕ by |H|. Thus, M can be seen as a complete submanifold isometrically immersed into R N . From Theorem 1.1 in [4] (cf. [13] and [11] ), we have
Since eigenvalues are invariants of isometries, we know that the above inequality holds for any isometric immersion from M into a Euclidean space. We define Φ = {ϕ; ϕ is an isometric immersion from M into a Euclidean space}.
Putting
from the formula (2.4), we infer
(2.5)
From Theorem 2.1 with t = n of Cheng and Yang [10] , we have
Therefore, we infer
For any positive integers l and k, we have
by making use of an elementary computation, we infer
According to (2.7), we have, for any positive integer k,
Thus, we have proved, from the definition of μ i , 
Proof. From the formula (3.21) in Cheng and Yang [8] , we infer that the eigenvalues of the eigenvalue problem (1.1) satisfy
From Weyl's asymptotic formula and the same proof as in Theorem 1.1, we can prove Proposition 2.1. 2
Universal inequality for eigenvalues
In this section, we will give a proof of Theorem 1.2. For convenience, we will use the upper halfplane model of the hyperbolic space, that is,
with the standard metric
In this case, by a simple computation, we have the Laplacian on H n (−1)
From the above formula, we have the following lemma:
and f = log x n , then we have
We define a function 
where f where H 0 only depends on the M g .
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